We present the newly obtained results of two computer simulations of the epithermal neutronnuclear burning in natural uranium. Each of them modeled the period of six months of the traveling wave reactor (TWR) operation -for two different flux densities of an external neutron source.
Introduction
Following our previous work on numerical modeling of a wave burning in natural uranium on epithermal neutrons [1] , here we present another two simulation results which confirm the possibility of the wave nuclear burning in natural uranium in the epithermal region of neutron energies.
The first simulation reproduces the last example simulation in [1] , but for a much longer period of time. In this case the neutron flux density was 10 23 neutron/cm 2 · s and the simulated reactor operation time was 150 days (as against 48 days in [1] ).
Another calculation was carried out for an external source with a significantly lower flux density equal to 10 15 neutron/cm 2 · s and for a simulation time of 150 days.
New simulation results of a wave neutron-nuclear burning in natural uranium on epithermal neutrons
Figures 1-5 show the simulation results for the neutron flux density of an external source equal to 10 23 cm −2 ·s −1 . The kinetic system of 20 equations, the initial and boundary conditions remained the same as in [1] . The only difference here is the simulated operation time.
In the present work, as in [1] , the numerical solution of the system of kinetic equations was carried out using the Mathematica 8 software package. In order to optimize the process of numerical solution of the system of equations, we switched to dimensionless variables n(x, t) → n * (x, t) and N (x, t) → N * (x, t), according to the following relations:
In the first calculation, the following constants were used: D = 2.0 · 10 4 cm 2 /s; V n = 1.0 · 10 6 cm/s; Φ 0 = 1.0 · 10 23 cm −2 s −1 ; τ β ∼ 3.3 days; ν (P u) = 2.90; ν (5) = 2.41;
σ P u f = 477.04 · 10 −24 cm 2 ; σ P u c = 286.15 · 10 −24 cm 2 ; σ 8 c = 252.50 · 10 −24 cm 2 ; σ 5 f = 136.43 · 10 −24 cm 2 ; σ 5 c = 57.61 · 10 −24 cm 2 ; σ 9 c = 4.80 · 10 −24 cm 2 ; σ ef f (P u) c = 10.10 · 10 −24 cm 2 ; σ i(P u) c = 1.00 · 10 −24 cm 2 , i = 1..6; 
The length of the fissile medium, in which the wave of neutron-nuclear burning propagates, is 1000 cm, the total simulation time is t = 150 days, the time step is ∆t = 10 minutes, and the spatial step is ∆x = 1 cm.
As can be seen from the presented results, e.g. in Fig. 5 , after 90 days the amplitude of the 239 Pu concentration reaches a stationary maximum. This maximum of plutonium has shifted by 20 cm over 60 days, which allows us to estimate the speed of steady-state wave burning, which is approximately equal to 0.39 · 10 −5 cm/s. It was not possible to make such an estimation in [1] because of the short simulation time of 48 days. Below in Figures 6-10 we show the simulation results for the same kinetic system, the same basic calculation constants (see (2) ), and the same initial and boundary conditions, except for the value for the external neutron flux density, equal in this case to 10 15 cm −2 s −1 . The length of the fissile medium in which the wave of neutron-nuclear burning propagates is 1000 cm, the total simulation time is t = 150 days, the temporal step is ∆t = 5 minutes, and the spatial step is ∆x = 1 cm.
From the presented results, e.g. Fig. 10 , it can be seen that after 60 days the amplitude of the 239 Pu concentration reaches a steady maximum, which shifts by 60 cm during the simulated period of 90 days. This allows us to estimate the speed of steady-state wave burning, which is approximately equal to u calc ≈ 60 cm/(90 · 24 · 3600 s) ≈ 0.77 · 10 −5 cm/s.
A comparative analysis of the results of these two numerical experiments shows that with a decrease in the neutron flux density of the external source from 10 23 cm −2 s −1 to 10 15 cm −2 s −1 , all other constants unchanged (the only difference is the time step of 5min in the latter case), the wave burning speed approximately doubled, and the wave half-width also increased significantly (evaluation was carried out using 239 Pu) from 10 cm to 100 cm.
An explanation of the change in the parameters of the burning regime, such as the phase velocity and the width of the wave burning zone, when only the flux density of the external source is changed, can be given if we recall the quantum-mechanical analogy for the diffusion equation for neutrons. The requirement to fulfill the Bohr-Somerfeld quantization rule for solutions of this equation put forward by L.P. Feoktistov in [2] , studied in [3] , and later developed by V.D. Rusov et al. into the quantum-statistical Wigner distribution for phase velocities of the wave burning e.g. in [4, 5] .
Indeed, in [4, 5] it allowed to write the critical condition for steady-state wave burning in the form:
where the integral is taken over the supercritical region n P u239 > n P u239 crit . As the simulation results show, even when only the flux density of the external source changes, within our simplified kinetic system, the width of the burning region changes, and according to (4) , the ratio between n P u239 and n P u239 crit must also change, since the integral should remain constant.
Hence we can make a conclusion about the change in the equilibrium-stationary and critical concentrations of 239 Pu which are the parameters in the Wigner quantum-statistical distribution for phase velocities of the wave burning [4, 5] , and this causes the change in the wave burning speed.
Note that the presented simulation results clearly demonstrate the influence of the parameters of an external neutron source on the parameters of the burning regime even for the simplified model under consideration. In a real process of nuclear burning, not only the flux density of an external neutron source, but also its energy spectrum will have a significant effect on the burning regime.
According to the theory of a soliton-like neutron wave of slow nuclear burning, developed on the basis of the quantum chaos theory [4, 5] , the neutron-nuclear burning speeds must satisfy the Wigner quantum-statistical distribution. The phase velocity u of a soliton-like neutron wave of nuclear burning is determined by the following approximate equality: where Λ(a * ) is a dimensionless invariant, depending on the parameter a * ; N P u eq and N P u crit are the equilibrium and critical concentrations of 239 Pu, L is the mean free path of neutrons, τ β is the delay time, associated with the production of the active (fissile) isotope and equal to the effective period of the β-decay of compound nuclei in the Feoktistov uranium-plutonium cycle.
To check the correspondence between the Wigner distribution (5) and the phase velocity of the slow neutron-nuclear burning of natural uranium in the epithermal region of neutron energies, which is obtained by numerical simulation, let us make the corresponding estimates of the parameter a 2 * and invariant Λ(a * ). For this we can use the data of numerical simulation at an external source flux density of 10 15 cm −2 s −1 , shown in Fig. 10 for 239 Pu.
From fig. 10 , one can find N P u eq ≈ 0.19×4.8·10 22 cm −3 (maximum on the 239 Pu concentration curve) and N P u crit ≈ 0.1 × 4.8 · 10 22 cm −3 (inflection point on the 239 Pu concentration curve). Then, according to (5) , for the parameter a * and invariant Λ(a * ) we obtain the following estimates:
0.1 · 10 22 cm −3 0.19 · 10 22 cm −3 − 0.1 · 10 22 cm −3 = π 2 4 0.1 0.09 ≈ 1.66 and Λ(a * ) ≈ 0.3. (6) These estimates for a * and Λ(a * ) are shown in Fig. 11 . In order to estimate the phase velocity of the wave burning from these parameters, we first have to estimate the mean free path for epithermal neutrons in the studied medium.
The mean free path for neutrons of the indicated epithermal region of neutron energies is:
.68 · 10 −24 cm 2 · 0.48 · 10 23 cm −3 ≈ 4.45 cm.
Then from expression (5) we can also obtain an estimate for the phase velocity of burning:
.45 cm 2.85 · 10 5 s ≈ 0.94 · 10 −5 cm/s.
A comparison of (3) and (8) demonstrates a rather good agreement. It is also possible to estimate the heat power produced by the reactor with the active zone of natural uranium, provided the wave burning mode is realized in it.
Indeed, given that the derivative of the 239 Pu concentration with respect to time and the derivative with respect to the coordinate are related by the following equation:
where u is the wave burning speed for the case of external source with neutron flux density of 10 15 cm −2 s −1 , according to Fig. 10 , it is possible to calculate the specific heat power P spec : 
For an example active zone in a form of a cylinder with 50cm diameter, the estimate of the burning zone volume is: V burning ≈ π · r 2 · L ≈ 3.14 · (25 cm) 2 · 4.45 cm ≈ 8730 cm 3
And the resulting heat power is:
It should be noted that the simulated kinetics of neutron density presented in Figs. 1 and 6 , does not demonstrate the neutron wave, in contrast to the previously published results for the 238 U wave burning in fast neutron range (neutron energy ∼ 1 M eV ) [4, 5] .
We believe that this is related to the use of a permanent external source of neutrons, as in [1] , with a rather high flux density, which hides the neutron wave on its background.
Conclusions
We presented new results of two computer simulations of the epithermal neutron-nuclear burning in natural uranium for two different densities of the external neutron flux. Each simulation represents about half a year of reactor operation.
The obtained results clearly demonstrate the influence of the external neutron source parameters on the burning mode even for the simplified model under consideration.
In a real process of nuclear burning, not only the flux density of an external neutron source, but also its energy spectrum will have a significant effect on the burning regime.
Based on the simulation results, we estimate the wave burning speed and the corresponding heat power production of the epithermal wave nuclear reactor with a homogeneous cylindrical core with a diameter of 50 cm made of natural uranium and a moderator. The resulting power of such reactor is about 10 GW.
